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Abstract. We prove that for n > 1 and q > the (oriented) cobordism group of 
fold maps of (oriented) (n + q) -dimensional manifolds into R n contains the direct sum 
of \_(q + 1)/2J copies of the (n — l)th stable homotopy group of spheres as a direct 
summand. We also prove that for k > 1 and q = 2k — 1 the cobordism group of fold 
maps of unoriented (n + q) -dimensional manifolds into R n also contains the nth stable 
homotopy group of the space RP°° as a direct summand. We have the analogous results 
about bordism groups of fold maps as well. 

1. Introduction 

In the study of singular maps one basic approach is classifying singular maps under 
the equivalence relation cobordism and describing cobordism groups of singular maps [21 

is nam nans unusual- 

This paper is about fold maps of (n + q) -dimensional manifolds into oriented n- 
dimensional manifolds. Fold maps of (n + q) -dimensional manifolds into n-dimensional 
manifolds have the formula /(xi, . . . , x n+q ) = (x\, . . . , x n -i, ±x 2 n ± • • • ± x^ +q ) as a local 
form around each singular point, and the subset of the singular points in the source 
manifold is a (q + l)-codimensional submanifold. Moreover, if we restrict a fold map to 
the set of its singular points, then we obtain a codimension one immersion into the target 
manifold of the fold map. These properties give the possibility to define simple geometrical 
invariants of cobordisms of fold maps (see Definition 12. lj) via immersions of the singular 
sets. And by (20] these geometrical invariants show a strong relation with stable homotopy 
groups of Thorn spaces of vector bundles like the circle S 1 and the projective space MP 00 . 
Furthermore, it turns out that these geometrical invariants detect an important torsion 
part of the cobordism group of fold maps, namely the stable homotopy groups of spheres 
and the space RP°° . 
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In [2] Ando showed that the cobordism group of fold maps of oriented n -dimensional 
manifolds into the n -dimensional Euclidean space M. n is isomorphic to the nth stable 
homotopy group of spheres. In this paper we are looking for similar results in the case of 
the cobordism group of fold maps of (n + q) -dimensional manifolds into W 1 , where q > 0. 
The case n = 1 (i.e., the cobordism group of Morse functions) has been computed by 
Ikegami [3J. 

By recent results of Ando [JJ, Sadykov [12] and Sziics [19], the cobordism groups of 
singular maps are equal to homotopy groups of spectra. Moreover, the rank, the torsion 
part for sufficiently high primes (and estimations for arbitrary primes) of the homotopy 
groups of these spectra can be computed in special and important cases in positive codi- 
mension [19] and very probably in negative codimension [HJ [13] . Our results in this paper 
show that computing the p-torsion of the cobordism groups of singular maps could be 
extremely difficult and hopeless for a small prime p. We note that in special dimension 
pairs [3] computes the cobordism groups of fold maps completely. 

The paper is organized as follows. In Section [2] we give several basic definitions and 
notations. In Section 12.41 we state our main results. In Section [3] we prove our main 
theorems. In Section H] we give analogous results about bordism groups of fold maps. 

The author would like to thank Prof. Andras Sziics and Prof. Osamu Saeki for the 
helpful discussions and corrections, and for suggesting to the author some special Morse 
functions. 

1.1. Notations. In this paper the symbol "II" denotes the disjoint union, for any number 
x the symbol " \x\ " denotes the greatest integer i such that i < x , 7 1 denotes the 
universal line bundle over MP 00 and the symbol e 1 denotes the trivial line bundle over 
a point. The symbol Imm^ (n — k, k) denotes the cobordism group of fc-codimensional 
immersions into W 1 whose normal bundles can be induced from the vector bundle £ fe 
(this group is isomorphic to 7r^(T£ fc ) where T£ k denotes the Thorn space of the bundle 
£ [20] ). The symbol Imm(n — k, k) denotes the cobordism group Imm 7 (n — k, k) where 
-) k is the universal bundle for A; -dimensional real vector bundles. The symbol 7r*(X) (71"* ) 
denotes the nth stable homotopy group of the space X (resp. spheres). The symbol 
"idV denotes the identity map of the space A. The symbol e refers to a small positive 
number. All manifolds and maps are smooth of class C°° . 



2. Preliminaries 

2.1. Fold maps. Let n > 1 and q > 0. Let Q n+q and N n be smooth manifolds of 
dimensions n + q and n respectively. Let p € Q n+q be a singular point of a smooth map 
/ : Q n+q —s- N n . The smooth map / has a fold singularity of index A at the singular 
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point p if we can write / in some local coordinates around p and f(p) in the form 

f{ x l> • • • ) x n+q) = {pi, . . • , X n — 1, — X n — ■ ■ ■ — X n+ ^_i + X n+X + • • ■ # n+(J ) 

for some A (0 < A < g + 1) (the index A is well-defined if we consider that A and q + 1 — A 
represent the same index). 

A smooth map / : Q n+q — » iV n is called a /o/(i map if / has only fold singularities. 

A smooth map /: Q n+q — ► A^ 1 has a definite fold singularity at a fold singularity 
p £ Q n+9 if A = or A = q + 1 , otherwise / has an indefinite fold singularity of index A 
at the fold singularity p E Q n+<? . 

Let S\(f) denote the set of fold singularities of index A of / in Q n+q . Note that 
S\(f) = S q+ i-x(f). Let S f denote the set \J x S\(f). 

Note that the set Sf is an (n — 1) -dimensional submanifold of the manifold Q n+q . 

Note that each connected component of the manifold Sf has its own index A if we 
consider that A and q + 1 — A represent the same index. 

Note that for a fold map /: Q n+q -» R n and for an index A (0 < A < [{q-l)/2\ or 
g + 1 — [(? — l)/2j < A < q + 1) the codimension one immersion / \s x m '■ S\(f) — * 
of the singular set of index A S\(f) has a canonical framing (i.e., trivialization of the 
normal bundle) by identifying canonically the set of fold singularities of index A (0 < 
A < l(q - 1)/2J or q + 1 - [(q - l)/2j < A < q + 1) of the map / with the fold germ 

(x 1 ,...,X n+q ) ' ^ (xi,...,X„_i,-x2 x 2 + ^ i+2 .2 + ^ + ... x 2 + ^ (0 < A < L(«-1)/2J) 

(if we consider that A and q + 1 — A represent the same index), see, for example, 

If / : Q n+q — > A^ n is a fold map in general position, then the map / restricted to the 
singular set Sf is a general positional codimension one immersion into the target manifold 
N n . 

Since every fold map is in general position after a small perturbation, and we study 
maps under the equivalence relations cobordism and bordism (see Definitions 12.11 and 14.11 
respectively), in this paper we can restrict ourselves to studying fold maps which are in 
general position. Without mentioning we suppose that a fold map / is in general position. 

2.2. Stein factorization. We use the notion of the Stein factorization of a smooth map 
/ : Q q — > N n , where Q q and N n are smooth manifolds of dimensions q and n respectively 
(q > n) . Two points pi,P2 £ Q q are equivalent if p\ and P2 lie on the same component 
of an /-fiber. Let Wf denote the quotient space of Q q with respect to this equivalence 
relation and qj : Q q — > Wf the quotient map. Then there exists a unique continuous map 
/ : Wf — > A r ™ such that / = / ° Q/ • The space W/ or the factorization of the map / into 
the composition of qf and / is called the Stein factorization of the map /. We call the 
map / the Stein factorization of the map / as well. Note that if / is a generic smooth 
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map of a closed q -dimensional manifold into N n (for example, if / is a fold map in general 
position), then its Stein factorization Wt is a compact n-dimensional CW complex. 

2.3. Cobordisms of fold maps. 

Definition 2.1. (Cobordism) Two fold maps fa: Q™ +q — ► iV n (i = 0,1) from closed 
(oriented) (n + q) -dimensional manifolds Q™ +q (i = 0, 1) into an n-dimensional manifold 

N n are (oriented) cobordant if 

a) there exists a fold map F: x n+q+1 — » iV n x [0, 1] from a compact (oriented) (n+g+1)- 
dimensional manifold X n+q+1 , 

b) dX n+q+1 = Q n a +q n (-)Qi +<? and 

c ) F Iq™ +9 x[o, e ) = /o x id[ 0)£) and F |q«+? x(1 _ £j1 ] = fx x » where Q^ +q x [0,e) and 
Q" +,? x (1 — e, 1] are small collar neighbourhoods of dX n+q+1 with the identifications 
Q n + q = Q^ +q x {0} and Q n , +q = Q n x +q x {1}. 

We call the map F a cobordism between /q and f\ . 

This clearly defines an equivalence relation on the set of fold maps from closed (ori- 
ented) (n + q) -dimensional manifolds into an n-dimensional manifold A^ n . 

Let us denote the (oriented) cobordism classes of fold maps into the Euclidean space 
R™ under (oriented) fold cobordisms by Cofe^ (n + q, —q) . We can define a commutative 
group operation in the usual way on this set of (oriented) cobordism classes by the far 
away disjoint union. 

Remark 2.2. Ikegami and Saeki [5] showed that the group Cob® (2, —1) is isomorphic to Z. 
The author proved that Cobf(2, —1) = Z©^2 [6] and the group Cob® (3, —1) is isomorphic 
to Z2 ©Z2 [7]. Ikegami computed the cobordism groups Cobj (p,l—p) of Morse functions 
of p-dimensional manifolds for every p > [4J. 

For k > there are many results concerning the cobordism groups Cob T (q, k) , where 
r is a set of singularity types, the elements of the group Cob T (q, k) are cobordism classes 
of smooth maps of q -dimensional manifolds into M. q+k with only singularities in t, and a 
cobordism between two such maps has only singularities in r . See, for example, [H [3l [91 

EDI E3 E3IE1 El GSM- 

2.4. Main results. Now we are ready to state our main theorems. 

Recall that the oriented cobordism group of immersions of (n— 1) -dimensional mani- 
folds into R n denoted in this paper by Imm 6 ' (n— 1, 1) is isomorphic to the stable homotopy 
group tv^-i [20] • In the following theorems we identify the group Imm e (n — 1,1) with 
the group ir^-i ■ 
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Theorem 2.3. For n > 1 and q > the cobordism group Coaf (n+q, —q) of fold maps of 
(oriented) (n+ q) -dimensional manifolds into W 1 contains the direct sum ©j/ 9 1 ^ 7r*_ x 
as a direct summand. 

This direct sum ©j/ 9 1 n n— 1 * s detected by the homomorphisms cpo, . . . , c P\(q-i)/2\ i 
where tpj\ Cob^\n + q,—q) — > Imm e (n — 1,1) maps a fold cobordism class [f] to the 
cobordism class of the framed immersion of the singular set of index j of the fold map f 
(j = 0,...,L(g-l)/2j). 

Theorem 2.4. For n > 1, q > 0, k > 1 and q = 2k — 1 the cobordism group Cobf(n + 
q, —q) of fold maps of unoriented (n + q) -dimensional manifolds into M n contains the 
direct sum ^(MP 00 ) © ©g n n—l as a direct summand. 

The direct summand ir^MP 00 ) is detected by the homomorphism if): Cob f (n+q, —q) — > 
Imm(n- 1,1), where tp maps a fold cobordism class [f] to the cobordism class of the im- 
mersion of the singular set of index k of the fold map f . 

Analogous results about bordism groups of fold maps can be found in Section [H 

3. Proof of main theorems 

Proof of Theorem \2.3[ For < j < [(g — 1) /2j let us define homomorphisms ctj : Imm e (n— 
1, 1) — > Cob P (n + q, —q) and cpj : Cob P (n + q, —q) — > Imm e (n— 1, 1) such that the com- 
positions fj o otj are the identity maps as follows. 

Let j be an integer such that < j < [_(q — 1)/2J . Let hy. S q+1 — > (—e,e) be a 
Morse function of the (q + 1) -dimensional sphere into the open interval (— e, e) with four 
critical points of index 0, j, j + 1, q + 1, respectively, such that the critical value of index 
j is zero in the interval (— e, e) . 

Let j be an integer such that < j < \_(q — l)/2j . 

Definition 3.1. Let [g: M 71 ' 1 -> W 1 } be an element of the group Imm £ (n — 1,1). 
We identify the framed fibers of the normal bundle of the immersion g with the interval 
(—£, e) . Let fj : M"" 1 x S q+1 — > R n be a fold map such that for every p <G M n ~ x the map 
fj \{pjxsi +1 m aps the sphere {p} x S q+1 as the Morse function hj onto the framed fiber 
(—£,£■) over the point g(p) in 1" of the normal bundle of the immersion g . Let ^([fl 1 ]) be 
the cobordism class of the fold map fj . In the case of a cobordism between two elements 
(i = 0, 1) of the group Imm e (n — 1, 1) we can do the same construction in order to 
obtain a cobordism between the fold cobordism classes ay[<7i] (i = 0, 1). Therefore this 
clearly defines a homomorphism otj : Imm e (n — 1, 1) — > CobP\n + q, —q) . 

Definition 3.2. Let [/: Q n+q — ► W n ] be an element of the group CobP\n + q,—q). 
Then let <fj([f]) be the cobordism class of the framed immersion / \sj(f)'- &j(f) ~^ ^ n 
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of the singular set of index j of the fold map /. This clearly defines a homomorphism 
ifj : Cob^\n + q, —q) — » Imm e (n — 1, 1) . 

Lemma 3.3. The composition 

Imm £l (n — 1, 1) — > Cob9 [n + q, —q) — — — > Imm £l (n — 1, 1) 

is the identity map. 

Proof. First let us prove the case j = 0. Let [g: M n_1 — > M n ] be an element of the group 
Imm e (n — 1,1). Then the framed immersion <^o(a;o ([<?])) constructed in Definitions 13.11 
and !3.2l has three components which are parallel translations of the immersion g, moreover 
two of these components have the same framing and the third component has an opposite 
framing. The statement of the lemma follows if we note that the sum of two parallel 
translations with opposite framing among these three components represents the zero 
cobordism class in the group Imm £l (n — 1, 1). A null-cobordism can be given easily by 
considering the Stein factorization f : Wf — » 1" of the fold map /q : M n ~ l x S q+l — > R n 
in Definition 13.11 in the case of j = 0. The CW complex W fo is equal to M n_1 x W ho , 
where Wh is the source "a" of the Stein factorization ho: Wh — > (— e,e) of the Morse 
function ho , and the Stein factorization fo maps the subset M n ~ l x {t} of Wf (t G Wh ) 
to M n as a parallel translation of the immersion g . 

When j > 0, clearly by the constructions in Definitions 13. II and !3.2l for a given element 
[g] of the group Imm e (n— 1, 1) the framed immersion of the singular set of index j of the 
fold map fj\ M n_1 x S q+1 — > M n equals to 5. Hence ^(^([g])) = [5] for every element 
[g] of the group Imm e (re — 1, 1) . □ 

By the above lemma in order to complete the proof of Theorem 12.31 we have to show 
that the composition 

0i ( *- 1)/2j Immure - 1, 1) ^""^-^J , 

C obf\n + q) -q) ejLLVl>/2J 0i (9 - 1)/2j Imm £l (n-l,l) 

denoted by p is an isomorphism. But the homomorphism p is clearly injective and sur- 
jective since by the definition of the homomorphisms aij and <pj (0 < j < \_(q — l)/2j) 
the homomorphism p has the form 

p(a , ai 3 . . . , a[(g-i)/2j ) = ( a o> a i + a o, «2 + «i, • • • , a L(g-i)/2j + a L(«-3)/2j )• 
This completes the proof of Theorem 12.31 □ 
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Proof of Theorem \2.4\ Let us define two homomorphisms /?: Imm(n — 1, 1) — > Cobf(n + 
q, —q) and ip: Cobj-(n + q, —q) — > Imm(n — 1, 1) such that the composition ip o (3 is the 
identity map as follows. 

Let r: RP 2k — > (— s, e) be a Morse function of the ( 2 fc) -dimensional projective space 
into the open interval (— e, e) such that r has 2k + 1 critical points with indeces 0, ... ,2k, 
respectively. We can choose the Morse function r such that there exists a diffeomorphism 
5 of RP 2k with the properties r o 5 = —r , 5 o 5 = id K p2/b , and that the critical value of 
index k of the function r is in the interval (— e, e). 

Definition 3.4. Let [g: M n_1 -> M n ] be an element of the group Imm(n — 1,1), i.e., 
the normal bundle v(g) of the immersion g is a line bundle induced from the universal 
line bundle 7 1 — > MP 00 which we identify with (— e, e) x^ 2 5°° — > MP 00 in the usual way. 
Let us induce the normal bundle z/(p) and a manifold M n_1 xIRP 2fc by considering the 
commutative diagram 

M n - l xRP 2k ► RP 2k x Z2 S°° 

r rx Z2 id S oo 

v{g) ► (-e,e) x Z2< S°° 

M"" 1 ► RP°° 

where the Z2 action on RP 2k is the action of the diffeomorphism 5 (see also 

Example 3.7]). By the diagram above we obtain a fold map /' = //of: M n_1 xRP a — > 
M n , where fi denotes the immersion of the normal bundle v{g) into W 1 . Note that for 
every p € M n_1 the map /' |{ p } X Rp2ft maps the space {p} x RP 2fc as the Morse function 
±r onto the fiber (— e, e) over the point g(p) in R n of the normal bundle of the immersion 
9- 

Let f3([g}) be the cobordism class of the fold map /': M n " 1 x]RP 2fc -> M n . 

In the case of a cobordism between two elements [gi] (i = 0, 1) of the group Imm(n — 
1,1) we can do the same construction in order to obtain a cobordism between the elements 
(i = 0,1). Therefore this clearly defines a homomorphism f3: Imm(n — 1,1) — > 
Cobj(n + q, —q) . 

Note that for any [g] € Imm(n — 1, 1) the cobordism classes <Pj(0([g])) are zero in the 
group Imm £ (n - 1, 1) (0 < j < [(q - 1)/2J) since for the fold map /' in Definition 13.41 
the immersion /' \s J (f) '■ Sj(f') — > K n (0 < j < [(q — l)/2j) is a double covering of the 
immersion /' |s fe (/') : ^k(f') — > R n and hence it is a boundary of the immersion of the 
normal bundle v{f) into W 1 (this can be seen easily by considering the Stein factorization 
of the fold map /': M n_1 xRP 2k -» R n ). 
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Definition 3.5. Let [/: Q n+q — > R n ] be an element of the group Cobf(n + q, —q). Let 
ip([f]) be the cobordism class of the immersion / \s k (f) : Sk(f) —* ^ n where Sk(f) de- 
notes the indefinite singular set of index k of the fold map /. This clearly defines a 
homomorphism ip: Cobj(n + q, —q) — > Imm(n —1,1). 

Lemma 3.6. The composition 

Imm(n — 1,1) — - — ► Cobj{n + q,—q) — - — ► Imm(n - 1,1) 
is the identity map. 

Proof. Clearly by the constructions in Definitions 13.41 and 13.51 for a given element [g] of 
the group Imm(n — 1,1) the immersion of the indefinite singular set of index k of the fold 
map /': M n ~ 1 xRP 2k —> M ra equals to g. Hence ip((3([g])) = [g] for every element of the 
group Imm(n — 1,1). Details are left to the reader. □ 

The proof of Theorem 12.41 will be finished if we show that the composition 

0^- 1)/2j W 1 (n -1,1)0 Imm(n -1,1) ao+ - +a ^-^i +p i 



ffi L(9-l)/2J ffi/ 

Cob An + q,—q) ► 



©i {9 1)/2J Imm £l (n - 1, 1) Imm(n - 1, 1) 



denoted by r is an isomorphism. But the homomorphism r is clearly injective and 
surjective since by the definition of the homomorphisms aj , (fj (0 < j < [_(q — l)/2j ) , (3 
and ip the homomorphism r has the form 

r(a ,ai, . . . , a|_(g-l)/2j > b) = (a , a\ + a , a 2 + ai, . . . ,a|_(g-l)/2j + a L(?-3)/2j ^+ i ( a L(g-i)/2j )); 

where i : Imrr/ 1 (n —1,1) — > Imm(n —1,1) denotes the natural forgetting homomorphism. 
This completes the proof of Theorem 12.41 □ 



4. BORDISMS OF FOLD MAPS 

There is also a very geometrical equivalence relation on the set of fold maps / : Q n+q — > 
N n from closed (oriented) (n + q) -dimensional manifolds Q n+q into closed oriented n- 
dimensional manifolds N n . 

Definition 4.1. (Bordism) Two fold maps fa: Q™ +q — ► N™ (i = 0,1) from closed (ori- 
ented) (n + q) -dimensional manifolds (i = 0, 1) into closed oriented n-dimensional 
manifolds N™ (i = 0, 1) are (oriented) bordant if 
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a) there exists a fold map F: x n+q+l — > Y n+l from a compact (oriented) {n + q + 1)- 
dimensional manifold x n+q+1 to a compact oriented (n + 1) -dimensional manifold 

Y n+1 , 

b) dX n +" +1 = C?" +g II (-)Qi +q , dY n+1 = iV n+1 II -N? +1 and 

c ) F Iq^ +9 x[o, £ ) = /o x *d[o )E ) and F |q»+<j x(1 _ £)1] = /i x ^(i- e ,i] , where Q^ +q x [0,e) and 
Qi +<? x (1 — £, 1] are small collar neighbourhoods of dX n+q+l with the identifications 
Qo +9 = Qo +<? x{0}, Q?+* = Q?+*x{l}. 

We call the map F a bordism between /o and /i . 

We can define a commutative group operation on the set of bordism classes by [fo] + 
[/i] = / H /i : Q™ +<? U Q™ +9 -> JVJ E iVf in the usual way. 

By changing the target manifold W 1 to an arbitrary oriented n -dimensional manifold 
N n in the previous chapters we obtain analogous theorems about the bordism group of 
fold maps denoted by Bor^ (n + q, —q) . 

Let Blmm^ (n— k, k) denote the usual bordism group of A;-codimensional immersions 
into closed oriented n-manifolds, whose normal bundles can be induced from the vector 
bundle £ fc . Note that this group filmm^ (n — k, k) is isomorphic to the nth oriented 
bordism group Q n (T^k) of the classifying space T^k for such immersions [15] . 

Then we have the following theorems which are analogues of Theorems 12.31 and 12.41 

Theorem 4.2. For n > 1 and q > the bordism group Bor^P\n + q, —q) of fold maps 
of (oriented) (n + q) -dimensional manifolds into closed oriented n-dimensional manifolds 
contains the direct sum 

0L(a-i)/2j Bknm £ \n- 1,1) as a direct summand. 

Theorem 4.3. For n > 1, q > 0, k > 1 and q = 2k — 1 the bordism group Borj{n + 
Qi~q) of fold maps of unoriented (n + q) -dimensional manifolds into closed oriented n- 
dimensional manifolds contains the direct sum filmm 7 (n— 1, l)©©^ 9 -BImm e (n — 
1,1) as a direct summand. 

The proofs are analogous to the proofs of Theorems 12.31 and I2.4[ respectively. 
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